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When orthopositronium collides with a closed-shell atom or ion the ‘‘pick-off’’ process is the dominant
process for positron annihilation. In pick-off annihilation the positron annihilates with electrons in the target
but not with the electron that is part of the positronium atom. The rate for pick-off annihilation, expressed in
terms of the dimensionless parameter 1Zeff , for orthopositronium scattering from Li1,Na1, and K1 was
computed with an L2 variant of the fixed-core stochastic variational method. The threshold 1Zeff for Li1 and
Na1, which can form a stable bound state with Ps were found to be 0.067 and 0.73, respectively, while that for
K1, which does not bind Ps, was 0.064.
DOI: 10.1103/PhysRevA.65.034709 PACS number~s!: 34.85.1x, 34.10.1x, 36.10.Dr, 78.70.BjI. INTRODUCTION
When orthopositronium collides with an atom or ion, one
of the possible annihilation processes is called pick-off anni-
hilation. It is not possible for the positron to experience a 2g
decay with the electron-forming part of the orthopositronium
atom since the electron and positron are in a spin-triplet
state. In the pick-off annihilation process, the positron anni-
hilates with one of the target electrons by the 2g process.
When the target atom has a closed electron shell or subshell,
pick-off annihilation via collision is the dominant collision-
induced decay process. The pick-off annihilation rate is often
expressed in terms of the dimensionless parameter 1Zeff .
This is related to the cross section for annihilation, sa(k), by
the identity @1,2#
sa~k !54pr0
2~c/v !1Zeff~k !, ~1!
where r0 is the classical electron radius, c is the speed of
light, and k is the momentum of the Ps atom.
The 1Zeff parameter has been measured for various gases
@2–4#, with the typical values ranging from 0.125 for He to
1.26 for Xe. One of the salient features of the experiments
has been the fact that the values of 1Zeff for the most part are
relatively small. Although the analogous parameter Zeff de-
scribing positron annihilation in gases can sometimes be
very large @2–4# most of the values of 1Zeff are smaller than
1 @2–4#.
Although there have been many experimental determina-
tions of 1Zeff , there have been few calculations. Until very
recently @5#, the only calculations reported for 1Zeff had all
been for Ps-He collisions. One reason for the paucity of cal-
culations is the difficulty in actually doing Ps-atom scattering
calculations. The Ps projectile and the target atom are com-
posite objects with an internal structure. The evaluation of
the interaction matrix elements involve multicentre integrals,
which are notoriously difficult and time consuming to evalu-
ate @6#. Recently, the stochastic variational method ~SVM!
and its fixed-core variant ~the FCSVM! @7,8# have been ap-
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lengths and the close-to-threshold phase shifts have been re-
ported for Ps scattering from H, He, Ne, Ar, Li1,Na1,K1,
and Ps. In addition, the pick-off parameter 1Zeff was com-
puted for He, Ne, and Ar. The calculated 1Zeff for He, Ne,
and Ar generally underestimated the accepted experimental
values by a factor of about 3. This was regarded as reason-
able since the annihilation matrix element was calculated
without the inclusion of short-range electron-positron corre-
lations, which can be expected to increase the matrix ele-
ment.
Given the shortage of calculations for 1Zeff we have de-
cided to report this coefficient for Li1,Na1, and K1. This
effectively doubles the number of systems for which 1Zeff
has been reported. Given that two of these systems (Li1 and
Na1 @8,11,12#! can bind Ps it was interesting to see whether
the 1Zeff was also small for these systems.
II. CALCULATIONS AND RESULTS
The present calculations are based on a modified version
of the FCSVM that was recently developed to handle scat-
tering problems. The essential idea of the approach is to
diagonalize the system Hamiltonian in a large basis of
square-integrable states designed to provide a reasonable
representation of a typical scattering state. The phase shifts
and other information are then extracted from the positive-
energy pseudostates by projecting them with FPs(r02r1)
and fitting to the asymptotic form of the wave function, i.e.,
sin(kur01r1u)/21d), at large distances from the nucleus. A
full description of the method has been given recently
@5,9,10#.
Recently, this method was used to give estimates of the
phase shifts close to threshold for Ps scattering from He, Ne,
Ar, Li1,Na1, and K1 @5#. The actual calculations that are
used to determine the scattering wave function were identical
to those of @5#. Therefore, no details of the scattering calcu-
lation are presented apart from a brief description of the scat-
tering Hamiltonian.
The FCSVM @8# has been used to describe the interaction
of the projectile with the atom or ion. The FCSVM replaces
the full Hamiltonian for the Ne electrons and a positron by a
model Hamiltonian with the core electrons removed, viz.,©2002 The American Physical Society09-1
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22Vdir~r0!1Vdir~r1!1Vp1~r0!1Vp1~r1!
1Vexc~r1!2
1
r01
1Vp2~r1 ,r0!1lPˆ . ~2!
The direct potential (Vdir) for the core is taken from a
Hartree-Fock wave function and is the same ~although oppo-
site in sign! for the electron and the positron. The exchange
potential (Vexc) between the scattering electron and the
Hartree-Fock core was computed exactly. The operator
lPˆ 5(
i51
luf i&^f iu ~3!
is an orthogonalizing pseudopotential that acts to produce
wave functions orthogonal to the occupied core orbitals pro-
vided l is a large positive number @13,14#.
The polarization potential Vp1 is defined with the func-
tional form
Vp1~r !52
adg2~r !
2r4
. ~4!
The factor ad is the static dipole polarizability of the core
and g2(r) is a cutoff function designed to make the polariza-
tion potential finite at the origin. The same cutoff function
was adopted for both the positron and electrons. Its form was
chosen as
g2~r !512exp~2r6/r6!, ~5!
where r is an adjustable parameter. The two-body polariza-
tion potential Vp2 is defined as
Vp2~r0 ,r1!5
ad
r0
3
r1
3 ~r0r1!g~r0!g~r1!. ~6!
Inclusion of the two-body potential ensures that the polariza-
tion interaction reduces to a Van der Waals–type interaction
when the Ps is at large distances from the nucleus. The exact
values of ad and r are given elsewhere @5#.
In terms of the scattering wave function, the pick-off an-
nihilation parameter 1Zeff for a collision between a Ps atom
and an N-electron atom is defined as @1#
1Zeff5 (
i51
N11 E uF i~t!u2d~r02ri!dt . ~7!
In this expression F i(t)5^x0(s0 ,si)uC(t)& is a projection
of the scattering wave function onto a singlet state of the
electron-positron pair, and the summation includes all elec-
trons of the system. The positron coordinate is r0 ,ri ,i.0
refers to the electron coordinates and t refers to the collec-
tive set of electron coordinates. The scattering wave function
in this expression should be normalized to unit positronium
density of incoming positronium atoms prepared in a spin-
triplet state. For an orthopositronium atom colliding with a
closed-shell system, this expression simplifies to034701Zeff5
1
4E d3rd3xr~r!uC~r,x!u2. ~8!
Here r(r) is the electron density of the closed-shell target
and C(r,x) is the Ps-scattering wave function, normalized to
unit density of incoming Ps atoms ~with r as the positron
coordinate!. The factor of 14 reflects the fact that only elec-
trons in a spin-singlet state with the positron contribute to the
decay process ~assuming all annihilation events are 2g de-
cays.! This expression is simpler than Eq. ~7! since the in-
clusion of the lPˆ operator into the scattering Hamiltonian
means that the wave function has been constructed so that
the overlap integral between the scattering wave function
and any of the doubly occupied core orbitals is effectively
zero. In the plane-wave Born approximation ~PWBA!, 1Zeff
reduces to N/4, where N is the number of target electrons.
III. RESULTS
Prior to discussing the results of the calculations it is in-
structive to use effective-range theory ~ERT! to make some
estimates of the expected threshold 1Zeff for Na1 and Li1.
Both of these systems have bound states, therefore it is pos-
sible to use the bound-state energy and core-annihilation rate
@12# to make an estimate of the scattering length and also the
threshold 1Zeff .
Briefly, the lowest-order ERT for the phase shift is
k cot~d!521/A , ~9!
where A5AR2iAi is the complex scattering length. When
the system has a bound state, Eq. ~9! can be used to estimate
the scattering length since cot(d)5i at the bound-state en-
ergy. The bound-state energy is
«5«R1i« I5«R2iG/2, ~10!
where G is the rate for positron annihilation of the Ps-Li1 or
Ps-Na1 systems with one of the core electrons. Using k2
521/A2 and assuming u«Ru..u« Iu the complex energy and
scattering length can be related as
«R’2
1
4AR
2 , ~11!
« I’2
AI
2AR
3 . ~12!
The absorption cross section can be related to the imaginary
part of the scattering length using @15#
sabs5
p
k2 @12exp$24 Im d~k !%#’
4p
k AI . ~13!
Using Eq. ~1! for 1Zeff(k) gives
1Zeff~0 !’
AI
2r0
2c
’
AR
3 G
2r0
2c
. ~14!9-2
BRIEF REPORTS PHYSICAL REVIEW A 65 034709TABLE I. The fundamental properties of the Ps-Li1,Ps-Na1, and Ps-K1 bound and scattering states. The
binding energy u«Ru is given in hartrees and the core-annihilation rate G is given in nsec21. The FCSVM
scattering lengths (AR in terms of a0) were previously reported in @5#. The values of AR and 1Ze f f(0)
deduced from the bound-state energy and annihilation rate using Eqs. ~12! and ~15! are given under the ERT
heading.
ERT using
FCSVM «R and G
System u«Ru G AR 1Zeff(0) AR 1Zeff(0)
Ps-Li1 0.002477 0.00157 12.9 0.067 10.1 0.049
Ps-Na1 0.000473 0.00167 28.5 0.73 23.0 0.62
Ps-K1 No bound state 21.93 0.064In Eq. ~14! all quantities are expressed in atomic units. Ex-
pressing G , in units of of nsec21, leads to
1Zeff~0 !’3.04531022AR3 G’
3.8131023G
u«Ru3/2
. ~15!
In Table I values of 1Zeff and AR computed from Eqs. ~12!
and ~15! are listed for Li1 and Na1. The values obtained for
both systems are smaller than the value expected from the
PWBA, 0.5 and 2.5, respectively.
Plots of FCSVM values of 1Zeff versus momentum are
presented in Fig. 1 for Ps-Li1 and Ps-K1 scattering and Fig.
2 for Ps-Na1 scattering. The curve for K1 is rather flat while
those for Li1 and Na1 are strongly peaked at k50. The
strong peaking in 1Zeff can be easily explained in terms of
effective-range theory. Applying Eq. ~9! to nonzero energies
leads to the result @17#
1Zeff~k !5
1Zeff~0 !
11AR
2 k2
. ~16!
The approximation is likely to be most accurate when the
scattering length is big. This occurs when there is a real or
virtual state lying close to the E50 threshold. The dashed
curves for 1Zeff in Figs. 1 and 2 for Ps-Li1 and Ps-Na1 were
FIG. 1. The pick-off annihilation rates 1Zeff versus momentum
~in terms of a0
21) for Ps-K1 and Ps-Li1 scattering are shown as the
two solid lines. The values for Li1 are multiplied by 2. The dashed
line shows the result of using Eq. ~16! for Ps-Li1.03470computed with Eq. ~16! using the values of AR taken from
the FCSVM column of Table I. The threshold values
1Zeff(0) were estimated by extrapolation assuming that
1Zeff(k)51Zeff(0)1bk1ck2 near threshold. There is rea-
sonable agreement between the values of 1Zeff(0) derived
from the scattering calculations and those derived from the
bound-state data using ERT. Equation ~16! does provide a
qualitative description of the momentum dependence of 1Zeff
for the Ps-Li1,Ps-Na1 systems. No curve is shown for K1
since the scattering length, 21.9a0 for this system, is small
and, therefore, not likely to cause large variations in 1Zeff . It
is possible to add refinements to Eq. ~16! to take into account
polarization and other corrections @17# but this is not done
for reasons of brevity.
The present FCSVM 1Zeff are expected to underestimate
the actual 1Zeff by a factor of about 2–3. Correlations be-
tween the positron and the electrons in the target ion are
taken into account ~by means of the polarization potentials!
when the the scattering equations are solved. However, such
correlations were not taken into account when the annihila-
tion matrix elements were computed. Previous calculations
of 1Zeff for He, Ne, and Ar underestimated those of experi-
ment by factors of about 3. Furthermore, the structure and
annihilation rates for e1He(3Se) have been calculated using
the FCSVM and fully ab initio SVM methods @16#. The
FCSVM annihilation rate with the He1(1s) core electron
was 2.5 times smaller than the SVM annihilation rate.
FIG. 2. The pick-off annihilation rate 1Zeff versus momentum
~in terms of a0
21) for Ps-Na1 scattering is shown as the solid line.
The dashed line shows the result of using Eq. ~16!.9-3
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which 1Zeff has been explicitly calculated. All of the values
of 1Zeff are small, and it is interesting to speculate on the
underlying dynamical reasons for this. First it must be men-
tioned that 1Zeff is defined differently from Zeff . In the
plane-wave Born approximation 1Zeff should reduce to the
number of electrons divided by 4 unlike Zeff , which col-
lapses to the number of electrons. Second, all of the calcula-
tions have been done on target atoms or ions with a closed-
shell core. Therefore, the short-range interaction of Ps with
the target is likely to be repulsive due to the influence of the
Pauli principle. A repulsive interaction will exclude the Ps
projectile from overlapping the target charge distribution and
thereby reduce 1Zeff . Third, Ps is electrically neutral and,
therefore, the pileup of target electrons around the positron
that occurs for positron-atom scattering is not so pronounced.
One notable feature of Table I is the result that the zero-
energy values of 1Zeff are almost the same for Li1 and K1
and about ten times smaller than 1Zeff for Na1. A simple
geometric argument based on the size of the target ions
would suggest that 1Zeff should increase moderately when
going from Li1 to Na1 to K1. Certainly the experimental
1Zeff increases for the He ~0.125!, Ne ~0.235!, and Ar ~0.314!
sequence. ~Note, the theoretical values computed in @5# also
increase with a similar progression although the absolute val-
ues are a factor of 3 smaller!. While the scattering lengths for
He, Ne, and Ar are all roughly the same @5#, this is not true
for Li1,Na1, and K1. Recent research on the related topic of
positron annihilation in positron-atom ~-molecule! scattering
has shown that the scattering length can act to increase the
size of the threshold Zeff . In effect, the normalization condi-03470tions that relate the amplitude of the wave function in the
inner interaction or annihilation region to the asymptotic re-
gion act to increase the amplitude of the inner wave function
when AR becomes very large @17–20#.
IV. CONCLUSION
The FCSVM has been used to investigate pick-off anni-
hilation for Ps scattering from Li1,Na1, and K1 targets. The
values of 1Zeff are of order unity or smaller and this is com-
patible with experiments and calculations done with other
atoms and molecules. The strong energy dependence of 1Zeff
for Li1 and Na1 complements research undertaken on the
positron-atom annihilation problem, which has shown that
Zeff decreases rapidly as the energy increases from threshold
for systems with a large scattering length @17–20#.
The omission of short-range electron-positron correlations
during the evaluation of the annihilation matrix element
means that the present 1Zeff probably underestimates the true
1Zeff by a factor of about 2–3. The enlargement of the cal-
culation to incorporate these short-range correlations would
increase the technical difficulties of any calculation enor-
mously. The present calculations and earlier calculations of
He, Ne, and Ar @5# can be regarded as a step towards the
solution of a rather exacting two-center scattering problem.
ACKNOWLEDGMENTS
The authors would like to thank Prasad Gunatunge of
NTU for support in setting up and maintaining the work-
stations used for the calculations.@1# P.A. Fraser, Adv. At. Mol. Phys. 4, 63 ~1968!.
@2# M. Charlton and J. W. Humberston, Positron Physics ~Cam-
bridge University Press, Cambridge, 2000!.
@3# M. Charlton, Rep. Prog. Phys. 48, 737 ~1985!.
@4# Y. Nagashima, F. Saito, N. Shinohara, and T. Hyodo, in New
Directions in Antimatter Chemistry and Physics, edited by C.
M. Surko and F. A. Gianturco ~Kluwer Academic, The Neth-
erlands, 2001!, p. 291.
@5# J. Mitroy and I.A. Ivanov, Phys. Rev. A 65, 012509 ~2002!.
@6# H.W.S. Massey and C.B.O. Mohr, Proc. Phys. Soc. London 67,
695 ~1954!.
@7# Y. Suzuki and K. Varga, Stochastic Variational Approach to
Quantum-Mechanical Few-Body Problems ~Springer, New
York, 1998!.
@8# G.G. Ryzhikh, J. Mitroy, and K. Varga, J. Phys. B 31, 3965
~1998!.
@9# I.A. Ivanov, J. Mitroy, and K. Varga, Phys. Rev. Lett. 87,
063201 ~2001!.@10# I. A. Ivanov, J. Mitroy, and K. Varga, Phys. Rev. A ~to be
published!.
@11# J. Yuan, B.D. Esry, T. Morishita, and C.D. Lin, Phys. Rev. A
58, R4 ~1998!.
@12# J. Mitroy and G.G. Ryzhikh, J. Phys. B 32, L621 ~1999!.
@13# V.M. Krasnopolsky and V.I. Kukulin, Yad. Fiz. 20, 883 ~1974!
@Sov. J. Nucl. Phys. 20, 470 ~1975!#.
@14# J. Mitroy and G.G. Ryzhikh, Comput. Phys. Commun. 123,
103 ~1999!.
@15# P. G. Burke and C. J. Joachim, Theory of Electron-Atom Col-
lisions ~Plenum, New York, 1985!.
@16# G.G. Ryzhikh and J. Mitroy, J. Phys. B 32, 4051 ~1999!.
@17# J. Mitroy and I. A. Ivanov ~unpublished!.
@18# V.A. Dzuba, V.V. Flambaum, W.A. King, B.M. Miller, and O.P.
Sushkov, Phys. Scr., T 46, 248 ~1993!.
@19# V.A. Dzuba, V.V. Flambaum, G.F. Gribakin, and W.A. King, J.
Phys. B 29, 3151 ~1996!.
@20# G.F. Gribakin, Phys. Rev. A 61, 022720 ~2000!.9-4
